
power series solution of differential equation

power series solution of differential equation is a fundamental method used in applied mathematics and
engineering to find solutions to differential equations when standard methods fail or are cumbersome. This
technique involves expressing the solution as an infinite sum of powers of the independent variable,
allowing for approximation of solutions near ordinary points. The power series method is particularly
useful for linear differential equations with variable coefficients and provides insight into the behavior of
solutions around singularities. This article explores the theoretical foundation, step-by-step procedures,
convergence criteria, and practical examples of the power series solution of differential equation.
Additionally, it discusses related concepts such as Frobenius method and radius of convergence, which
extend the applications of power series in solving complex differential problems. Understanding these
approaches enables mathematicians and scientists to tackle a wide range of problems in physics,
engineering, and other sciences effectively.
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Introduction to Power Series Solutions
The power series solution of differential equation is a method that transforms a differential equation into an
algebraic problem by assuming the solution can be written as a power series. This approach is particularly
advantageous when dealing with linear differential equations with variable coefficients where closed-form
solutions are not readily available. The concept dates back to the 18th and 19th centuries with contributions
from mathematicians such as Euler and Frobenius. By expanding the solution about a point, typically an
ordinary point, power series methods allow for systematic computation of coefficients, providing
approximate or exact solutions within a region of convergence. This introduction sets the stage for
understanding the mechanics and utility of power series in solving differential equations.



Definition of Power Series Solution
A power series solution expresses the unknown function y(x) as an infinite sum of terms involving powers
of (x - x_0), where x_0 is the point around which the series is expanded. Formally, it is written as:

y(x) = Σ (from n=0 to ∞) a_n (x - x_0)^n, where a_n are coefficients to be determined.

This representation transforms the differential equation into a recurrence relation for the coefficients a_n,
which can be solved iteratively.

Importance in Differential Equations
The power series solution technique is crucial for differential equations that do not have solutions
expressible in terms of elementary functions. It allows for local analysis near ordinary points and provides a
framework to approximate solutions with arbitrary precision. This method is widely used in physics,
engineering, and applied mathematics, especially when dealing with problems in quantum mechanics, heat
transfer, and wave equations.

Formulating the Power Series Solution
To formulate the power series solution of differential equation, one typically assumes a solution in the form
of a power series and substitutes it into the given differential equation. The process involves calculating
derivatives of the power series, aligning terms by powers of the independent variable, and equating
coefficients to establish a system of equations for the unknown coefficients.

Step-by-Step Procedure
The standard procedure to find the power series solution involves several key steps:

Identify the differential equation and the point x_0 about which the solution is to be expanded.1.

Assume a solution y(x) = Σ a_n (x - x_0)^n with unknown coefficients a_n.2.

Compute the derivatives y', y'', etc., as required by the differential equation.3.

Substitute y, y', y'', and so forth into the differential equation.4.

Align terms by powers of (x - x_0) and set the coefficient of each power equal to zero.5.

Solve the resulting recurrence relations to find expressions for a_n in terms of a_0, a_1, or other6.
initial coefficients.



Express the solution as a power series with the determined coefficients.7.

Example: Second-Order Linear Differential Equation
Consider the second-order differential equation:

(x - x_0)^2 y'' + (x - x_0) y' + y = 0.

Assuming y = Σ a_n (x - x_0)^n, substitution and equating coefficients leads to a recurrence relation for a_n.
This relation allows calculation of coefficients sequentially, constructing the power series solution around
x_0.

Convergence and Radius of Convergence
Understanding the convergence properties of the power series solution of differential equation is critical to
ensure the solution is valid within a certain interval. The radius of convergence determines the domain
around the expansion point where the power series converges to the actual solution.

Radius of Convergence
The radius of convergence is the distance from the center point x_0 to the nearest singularity of the
differential equation’s coefficients. Within this radius, the power series converges absolutely and uniformly,
providing a valid solution. Outside this radius, the series may diverge or fail to represent the true solution.

Tests for Convergence
Several tests help determine the radius of convergence and verify series convergence:

Ratio Test: Examines the limit of |a_(n+1)/a_n| as n approaches infinity.

Root Test: Uses the nth root of |a_n| to evaluate convergence.

Analytic Continuation: Extends the domain of the solution beyond the radius through other methods.



Applications and Examples
The power series solution of differential equation finds wide application in solving classical and modern
problems where exact solutions are difficult or impossible to obtain by elementary methods. It is
particularly effective for equations with variable coefficients and near singular points.

Application in Physics and Engineering
Many physical phenomena are modeled by differential equations whose solutions can be approximated
using power series:

Quantum Mechanics: Solving the Schrödinger equation for potential wells and barriers.

Heat Transfer: Analyzing temperature distribution with variable conductivity.

Vibrations and Waves: Studying oscillations with spatially varying properties.

Electrical Circuits: Modeling circuits with time-dependent components.

Worked Example: Airy’s Equation
Airy’s differential equation, y'' - x y = 0, lacks elementary closed-form solutions but can be solved using
power series. Assuming a solution y = Σ a_n x^n and substituting into the equation yields a recurrence
relation for coefficients a_n, enabling construction of the Airy functions Ai(x) and Bi(x) as power series.

Extensions: Frobenius Method
The Frobenius method extends the power series solution to differential equations with regular singular
points. It involves a generalized power series with terms that include fractional powers or logarithmic
factors, enabling solutions at points where ordinary power series methods fail.

Regular Singular Points and Frobenius Series
A regular singular point is a point where the differential equation’s coefficients have singularities but
satisfy specific growth conditions. The Frobenius method assumes solutions of the form:

y(x) = (x - x_0)^r Σ b_n (x - x_0)^n, where r is determined by the indicial equation.

This approach allows determination of the exponent r and coefficients b_n, yielding solutions that



accommodate the singular behavior at x_0.

Procedure for Frobenius Method
The key steps include:

Rewrite the differential equation in standard form around the singular point x_0.1.

Determine the indicial equation by substituting the Frobenius series and equating the lowest power2.
terms.

Solve the indicial equation for r.3.

Find recurrence relations for coefficients b_n based on the chosen r.4.

Construct one or two linearly independent solutions depending on the roots of the indicial equation.5.

Frequently Asked Questions

What is a power series solution of a differential equation?
A power series solution of a differential equation is a solution expressed as an infinite sum of powers of the
independent variable, typically in the form y = Σ a_n (x - x_0)^n, where the coefficients a_n are
determined so that the series satisfies the differential equation.

When is it appropriate to use power series methods to solve differential
equations?
Power series methods are appropriate when the differential equation has variable coefficients that are
analytic around a point, especially near ordinary or regular singular points where standard methods like
characteristic equations fail.

How do you find the recurrence relation for coefficients in a power series
solution?
To find the recurrence relation, substitute the power series expression of the solution into the differential
equation, align terms with the same powers of the variable, and set the coefficient of each power to zero.
This yields equations relating coefficients a_n to previous coefficients.



What is the radius of convergence in the context of power series
solutions?
The radius of convergence is the distance from the center point x_0 within which the power series
solution converges. It is determined by the nearest singularity of the differential equation's coefficients
from x_0.

How do regular singular points affect the power series solution of a
differential equation?
At a regular singular point, the solution can often be expressed as a Frobenius series, which is a generalized
power series that may include terms like (x - x_0)^r where r is not necessarily an integer, allowing
solutions even when ordinary power series fail.

Can power series solutions be used for nonlinear differential equations?
Yes, power series solutions can be applied to some nonlinear differential equations by expanding the
solution in a power series and determining the coefficients, although the process is generally more complex
and may require iterative or perturbative methods.

What are the advantages of using power series solutions compared to
numerical methods?
Power series solutions provide analytic expressions that can offer insight into the behavior of solutions near
a point, allow for easy computation of derivatives, and can be used to derive approximate solutions with
controllable accuracy, unlike numerical methods which provide discrete approximations.

Additional Resources
1. Power Series Solutions of Differential Equations
This book offers a comprehensive introduction to solving differential equations using power series methods.
It covers the theory behind power series expansions and provides numerous examples and exercises to
illustrate the approach. The text balances rigorous mathematical foundations with practical solution
techniques, making it suitable for both students and researchers.

2. Ordinary Differential Equations and Power Series Methods
Focused on ordinary differential equations, this book delves into power series solutions as a primary
technique. It explores the convergence of series solutions and applies these methods to classical equations in
physics and engineering. Detailed step-by-step explanations help readers master the manipulation and
application of power series.



3. Advanced Differential Equations: Power Series and Special Functions
This book bridges the gap between differential equations and special functions, emphasizing power series
solutions. It covers topics such as Frobenius method, Bessel functions, and Legendre polynomials derived
from series techniques. The text is aimed at advanced undergraduates and graduate students in applied
mathematics and engineering.

4. Power Series and Their Applications in Differential Equations
Providing a focused treatment on power series, this book explores their use in solving linear and nonlinear
differential equations. It includes practical algorithms for series expansion and convergence criteria.
Numerous real-world applications demonstrate the utility of power series solutions across scientific
disciplines.

5. Introduction to Power Series Solutions of Differential Equations
Designed for beginners, this book introduces the fundamental concepts behind power series solutions. It
explains how to represent functions as power series and use these expansions to solve differential equations
near ordinary and singular points. The clear exposition is supplemented by worked examples and
illustrative problems.

6. Methods of Solving Differential Equations: Power Series Approach
This text emphasizes various methods of solving differential equations with a special focus on power series
techniques. It presents both classical and modern perspectives on series solutions, including the Frobenius
method and asymptotic expansions. The book is valuable for students seeking to understand the diverse
toolkit of differential equation solving methods.

7. Series Solutions of Linear Differential Equations
Concentrating on linear differential equations, this book details the theory and practice of series solutions. It
discusses the classification of singular points and the construction of solutions around these points using
power series. The systematic approach aids readers in mastering both the conceptual and computational
aspects.

8. Power Series and Special Functions in Applied Mathematics
This work integrates the study of power series solutions with the theory of special functions arising from
differential equations. It covers classical functions like hypergeometric functions, Legendre polynomials,
and Hermite polynomials. The book is particularly useful for applied mathematicians and physicists
interested in analytical solution methods.

9. Analytical Techniques for Differential Equations: Power Series and Beyond
Offering a broad perspective, this book includes power series solutions as part of a wider range of analytical
methods for differential equations. It discusses convergence issues, series transformations, and extensions to
partial differential equations. The text is suitable for advanced students and researchers seeking a deeper
understanding of series-based techniques.
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  power series solution of differential equation: The Differential Equations Problem Solver
Research and Education Association, Max Fogiel, 1978 This book is intended to help students in
differential equations to find their way through the complex material which involves a wide variety
of concepts. Topic by topic, and problem by problem, the book provides detailed illustrations of
solution methods which are usually not apparent to students.
  power series solution of differential equation: Mathematical Methods for Engineers and
Scientists 3 Kwong-Tin Tang, 2006-11-30 Pedagogical insights gained through 30 years of teaching
applied mathematics led the author to write this set of student oriented books. Topics such as
complex analysis, matrix theory, vector and tensor analysis, Fourier analysis, integral transforms,
ordinary and partial differential equations are presented in a discursive style that is readable and
easy to follow. Numerous examples, completely worked out, together with carefully selected
problem sets with answers are used to enhance students' understanding and manipulative skill. The
goal is to make students comfortable in using advanced mathematical tools in junior, senior, and
beginning graduate courses.
  power series solution of differential equation: Advanced Mathematical Methods for
Scientists and Engineers I Carl M. Bender, Steven A. Orszag, 2013-03-09 The triumphant
vindication of bold theories-are these not the pride and justification of our life's work? -Sherlock
Holmes, The Valley of Fear Sir Arthur Conan Doyle The main purpose of our book is to present and
explain mathematical methods for obtaining approximate analytical solutions to differential and
difference equations that cannot be solved exactly. Our objective is to help young and also
establiShed scientists and engineers to build the skills necessary to analyze equations that they
encounter in their work. Our presentation is aimed at developing the insights and techniques that
are most useful for attacking new problems. We do not emphasize special methods and tricks which
work only for the classical transcendental functions; we do not dwell on equations whose exact
solutions are known. The mathematical methods discussed in this book are known collectively as
asymptotic and perturbative analysis. These are the most useful and powerful methods for finding
approximate solutions to equations, but they are difficult to justify rigorously. Thus, we concentrate
on the most fruitful aspect of applied analysis; namely, obtaining the answer. We stress care but not
rigor. To explain our approach, we compare our goals with those of a freshman calculus course. A
beginning calculus course is considered successful if the students have learned how to solve
problems using calculus.
  power series solution of differential equation: Applying Power Series to Differential
Equations James Sochacki, Anthony Tongen, 2023-03-15 This book is aimed to undergraduate
STEM majors and to researchers using ordinary differential equations. It covers a wide range of
STEM-oriented differential equation problems that can be solved using computational power series
methods. Many examples are illustrated with figures and each chapter ends with discovery/research
questions most of which are accessible to undergraduate students, and almost all of which may be
extended to graduate level research. Methodologies implemented may also be useful for researchers
to solve their differential equations analytically or numerically. The textbook can be used as
supplementary for undergraduate coursework, graduate research, and for independent study.
  power series solution of differential equation: Differential Equations and Numerical
Solutions Mr. Rohit Manglik, 2024-06-24 Studies differential equations and numerical methods,
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focusing on solving ODEs and PDEs with applications in physics, engineering, and modeling.
  power series solution of differential equation: Ordinary Differential Equations D.
Somasundaram, 2001 Though ordinary differential equations is taught as a core course to students
in mathematics and applied mathematics, detailed coverage of the topics with sufficient examples is
unique. Written by a mathematics professor and intended as a textbook for third- and fourth-year
undergraduates, the five chapters of this publication give a precise account of higher order
differential equations, power series solutions, special functions, existence and uniqueness of
solutions, and systems of linear equations. Relevant motivation for different concepts in each
chapter and discussion of theory and problems-without the omission of steps-sets Ordinary
Differential Equations: A First Course apart from other texts on ODEs. Full of distinguishing
examples and containing exercises at the end of each chapter, this lucid course book will promote
self-study among students.
  power series solution of differential equation: Applied Differential Equations Vladimir A.
Dobrushkin, 2022-09-21 This book started as a collection of lecture notes for a course in differential
equations taught by the Division of Applied Mathematics at Brown University. To some extent, it is a
result of collective insights given by almost every instructor who taught such a course over the last
15 years. Therefore, the material and its presentation covered in this book were practically tested
for many years. This text is designed for a two-semester sophomore or junior level course in
differential equations. It offers novel approaches in presentation and utilization of computer
capabilities. This text intends to provide a solid background in differential equations for students
majoring in a breadth of fields. Differential equations are described in the context of applications.
The author stresses differential equations constitute an essential part of modeling by showing their
applications, including numerical algorithms and syntax of the four most popular software packages.
Students learn how to formulate a mathematical model, how to solve differential equations
(analytically or numerically), how to analyze them qualitatively, and how to interpret the results. In
writing this textbook, the author aims to assist instructors and students through: Showing a course
in differential equations is essential for modeling real-life phenomena Stressing the mastery of
traditional solution techniques and presenting effective methods, including reliable numerical
approximations Providing qualitative analysis of ordinary differential equations. The reader should
get an idea of how all solutions to the given problem behave, what are their validity intervals,
whether there are oscillations, vertical or horizontal asymptotes, and what is their long-term
behavior The reader will learn various methods of solving, analysis, visualization, and approximation,
exploiting the capabilities of computers Introduces and employs MapleTM, Mathematica®,
MatLab®, and Maxima This textbook facilitates the development of the student’s skills to model
real-world problems Ordinary and partial differential equations is a classical subject that has been
studied for about 300 years. The beauty and utility of differential equations and their application in
mathematics, biology, chemistry, computer science, economics, engineering, geology, neuroscience,
physics, the life sciences, and other fields reaffirm their inclusion in myriad curricula. A great
number of examples and exercises make this text well suited for self-study or for traditional use by a
lecturer in class. Therefore, this textbook addresses the needs of two levels of audience, the
beginning and the advanced.
  power series solution of differential equation: Differential EquationsCBCS Semester II �
Eastern India Universities H K Dass, Dr. Rama Verma & Er. Rajnish Verma, �Differential
Equations (CBCS)� is designed as per the UGC Choice Based Credit System (CBCS) curriculum to
meet the requirements of undergraduate students of mathematics and aptly covers Differential
Equations and Mathematical Models. Major topics such as Cauchy-Euler, Total and Linear Partial
Differential Equations of First Order (Lagrange-Charpit Method) have been dealt with deftly to
provide a further insight in the subject. Written in a lucid and concise manner, the textbook has an
adept balance between theory with practice.
  power series solution of differential equation: Mathematical Physics (As per UGC
CBCS) � Eastern India Universities H K Dass, Mathematical Physics is a branch of mathematical



analysis that emphasizes on the tools and techniques of a particular use to physicists as well as
engineers. It focuses on Vector Spaces, Matrix Algebra, Differential Equations, Integral Equations,
Integral Transforms, Infinite Series and Complex Variables.
  power series solution of differential equation: Formal Power Series and Linear Systems
of Meromorphic Ordinary Differential Equations Werner Balser, 2008-01-19 Simple Ordinary
Differential Equations may have solutions in terms of power series whose coefficients grow at such a
rate that the series has a radius of convergence equal to zero. In fact, every linear meromorphic
system has a formal solution of a certain form, which can be relatively easily computed, but which
generally involves such power series diverging everywhere. In this book the author presents the
classical theory of meromorphic systems of ODE in the new light shed upon it by the recent
achievements in the theory of summability of formal power series.
  power series solution of differential equation: Advanced Engineering Mathematics
Dennis G. Zill, Michael R. Cullen, 2006 Thoroughly Updated, Zill'S Advanced Engineering
Mathematics, Third Edition Is A Compendium Of Many Mathematical Topics For Students Planning
A Career In Engineering Or The Sciences. A Key Strength Of This Text Is Zill'S Emphasis On
Differential Equations As Mathematical Models, Discussing The Constructs And Pitfalls Of Each. The
Third Edition Is Comprehensive, Yet Flexible, To Meet The Unique Needs Of Various Course
Offerings Ranging From Ordinary Differential Equations To Vector Calculus. Numerous New
Projects Contributed By Esteemed Mathematicians Have Been Added. Key Features O The Entire
Text Has Been Modernized To Prepare Engineers And Scientists With The Mathematical Skills
Required To Meet Current Technological Challenges. O The New Larger Trim Size And 2-Color
Design Make The Text A Pleasure To Read And Learn From. O Numerous NEW Engineering And
Science Projects Contributed By Top Mathematicians Have Been Added, And Are Tied To Key
Mathematical Topics In The Text. O Divided Into Five Major Parts, The Text'S Flexibility Allows
Instructors To Customize The Text To Fit Their Needs. The First Eight Chapters Are Ideal For A
Complete Short Course In Ordinary Differential Equations. O The Gram-Schmidt Orthogonalization
Process Has Been Added In Chapter 7 And Is Used In Subsequent Chapters. O All Figures Now Have
Explanatory Captions. Supplements O Complete Instructor'S Solutions: Includes All Solutions To The
Exercises Found In The Text. Powerpoint Lecture Slides And Additional Instructor'S Resources Are
Available Online. O Student Solutions To Accompany Advanced Engineering Mathematics, Third
Edition: This Student Supplement Contains The Answers To Every Third Problem In The Textbook,
Allowing Students To Assess Their Progress And Review Key Ideas And Concepts Discussed
Throughout The Text. ISBN: 0-7637-4095-0
  power series solution of differential equation: Mathematical Methods for Scientists and
Engineers Donald Allan McQuarrie, 2003 Intended for upper-level undergraduate and graduate
courses in chemistry, physics, math and engineering, this book will also become a must-have for the
personal library of all advanced students in the physical sciences. Comprised of more than 2000
problems and 700 worked examples that detail every single step, this text is exceptionally well
adapted for self study as well as for course use.--From publisher description.
  power series solution of differential equation: Differential Equations with Mathematica
Martha L. Abell, James P. Braselton, 2004-02-23 The Third Edition of the Differential Equations with
Mathematica integrates new applications from a variety of fields,especially biology, physics, and
engineering. The new handbook is also completely compatible with recent versions of Mathematica
and is a perfect introduction for Mathematica beginners.* Focuses on the most often used features
of Mathematica for the beginning Mathematica user* New applications from a variety of fields,
including engineering, biology, and physics* All applications were completed using recent versions
of Mathematica
  power series solution of differential equation: Advanced Engineering Mathematics
Dennis Zill, Warren S. Wright, 2011 Accompanying CD-ROM contains ... a chapter on engineering
statistics and probability / by N. Bali, M. Goyal, and C. Watkins.--CD-ROM label.
  power series solution of differential equation: Dennis G. Zill, Warren S. Wright, 2009-12-21



Now with a full-color design, the new Fourth Edition of Zill's Advanced Engineering Mathematics
provides an in-depth overview of the many mathematical topics necessary for students planning a
career in engineering or the sciences. A key strength of this text is Zill's emphasis on differential
equations as mathematical models, discussing the constructs and pitfalls of each. The Fourth Edition
is comprehensive, yet flexible, to meet the unique needs of various course offerings ranging from
ordinary differential equations to vector calculus. Numerous new projects contributed by esteemed
mathematicians have been added. New modern applications and engaging projects makes Zill's
classic text a must-have text and resource for Engineering Math students!
  power series solution of differential equation: Foundations of Mathematical Physics Chirag
Verma, 2025-02-20 Foundations of Mathematical Physics is a compelling introduction for
undergraduates venturing into the intricate relationship between mathematics and physics. We
navigate the core principles that sculpt the universe, from the quantum to the cosmic scale, making
this book an essential companion for students unraveling the physical world's mysteries through
mathematical lenses. Structured to bridge theoretical concepts with practical applications, we
meticulously unfold the marvels of mathematical physics, ensuring each topic is approachable
without sacrificing depth. This book offers a unique blend of theory, worked examples, and problem
sets that challenge and engage students, facilitating deep comprehension. We stand out by
demystifying complex ideas, making this an invaluable resource for students with varied proficiency
in mathematics or physics. Whether you aim to grasp the fundamentals of quantum mechanics, delve
into special relativity's elegance, or understand general relativity's geometric beauty, this book
paves the path for a profound understanding of the universe through mathematical frameworks.
Embark on this intellectual journey to discover how mathematical physics illuminates the universe's
workings in an accessible and inspiring way.
  power series solution of differential equation: A Student's Guide to Infinite Series and
Sequences Bernhard W. Bach, Jr., 2018-05-17 An informal and practically focused introduction for
undergraduate students exploring infinite series and sequences in engineering and the physical
sciences. With a focus on practical applications in real world situations, it helps students to
conceptualize the theory with real-world examples and to build their skill set.
  power series solution of differential equation: Higher Engineering Mathematics John
Bird, 2017-04-07 Now in its eighth edition, Higher Engineering Mathematics has helped thousands
of students succeed in their exams. Theory is kept to a minimum, with the emphasis firmly placed on
problem-solving skills, making this a thoroughly practical introduction to the advanced engineering
mathematics that students need to master. The extensive and thorough topic coverage makes this an
ideal text for upper-level vocational courses and for undergraduate degree courses. It is also
supported by a fully updated companion website with resources for both students and lecturers. It
has full solutions to all 2,000 further questions contained in the 277 practice exercises.
  power series solution of differential equation: Special Functions Refaat El Attar, 2005-12-06
(Hardcover). This book is written to provide an easy to follow study on the subject of Special
Functions and Orthogonal Polynomials. It is written in such a way that it can be used as a self study
text. Basic knowledge of calculus and differential equations is needed. The book is intended to help
students in engineering, physics and applied sciences understand various aspects of Special
Functions and Orthogonal Polynomials that very often occur in engineering, physics, mathematics
and applied sciences. The book is organized in chapters that are in a sense self contained. Chapter 1
deals with series solutions of Differential Equations. Gamma and Beta functions are studied in
Chapter 2 together with other functions that are defined by integrals. Legendre Polynomials and
Functions are studied in Chapter 3. Chapters 4 and 5 deal with Hermite, Laguerre and other
Orthogonal Polynomials. A detailed treatise of Bessel Function in given in Chapter 6.
  power series solution of differential equation: An Introduction to Analysis Gerald Bilodeau,
Paul Thie, G. E. Keough, 2010 This book presents a concise and sharpley focused introduction to the
basic concepts of analysis - from the development of real numbers through uniform convergences of
a sequence of functions - and includes coverage both of the analysis of functions of more than one



variable and of differential equations. Examples and figures are used extensively to assist the reader
in understanding the concepts and then applying them.
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